Recent advances in digital beam forming for phased arrays in combination with digital signal processing should enable the development of multibeam radar in a bistatic configuration. In the bistatic setting, the pulse travelling outward from the transmitter should be followed or "chased" by the receiver. During transmission, depending on the location of the transmitter, receiver, and pulse, the number of digital beams and their location at the transmitter vary. In this paper, we analyse the geometrically depending number of digital beams and the beam switching rate of the receiver needed for pulse chasing. In addition, we derive the pulse repetition frequency (PRF) for the bistatic configuration based on the desired detection range. It is shown that the PRF in the bistatic case can be increased compared to its monostatic counterpart when the distance between the transmitter and the receiver is increased. Our results are applied on the scenario of an air traffic control radar to show the feasibility of a multibeam, ground based bistatic surveillance radar. It will be demonstrated that the maximum PRF can almost be doubled and an adaptive sensing and tracking paradigm can lead to a maximum of 64 simultaneous receiver beams for the bistatic surveillance and tracking setting.
I. INTRODUCTION
The setting of non co-located radar transmitter(s) and receiver(s), i.e., the bistatic or multistatic radar configuration [1] [2] [3] [4] , dates back to the second world war with the Klein Heidelberg radar [5] . The non co-located radar can either use transmitters of opportunity -e.g., FM radio, analogue TV, DVB-T [5] [6] [7] -which is known as passive multistatic radar or the radar can use dedicated transmitters also known as active multistatic radar. In the active setting, the transmitter(s) and receiver(s) can operate in a cooperative fashion by exchanging information, such as trajectory of the pulse, waveform type, frequency, etc., to increase the overall accuracy.
In this paper, we analyse the active, cooperative bistatic configuration for ground based radar. More specifically, in this setting, we analyse pulse chasing, i.e., a rapid and efficient search of a desired volume of space whereby the receiver antenna will follow or "chase" the transmitted pulse during its travel outward from the transmitter antenna [8] . Pulse chasing in a bi-or multistatic configuration has several advantages compared to monostatic radar [7, 9] : i) increased detection of targets with small monostatic radar cross section (RCS), including stealth targets; ii) increased detection range into a certain direction, as the detection coverage area changes shape (see Fig. 1 ); and iii) increased accuracy in position and velocity of the target, when combined with the monostatic channel. On the other hand, utilizing efficient pulse chasing requires: i) rapid receiver beam steering or switching when the pulse is travelling outward and ii) accurate information of the transmitted beam, i.e., space-time synchronization, via a communication channel, e.g., via a dedicated coaxial cable. These demands seem feasible with the recent advances in digital beam switching and digital signal processing.
For pulse chasing, we identify the following four operating mechanisms: (1) (analog) pulse chasing using a single, wide beam with time-varying scanning angle [1, 2] , (2) multiple, simultaneous digital beamformers at the receiver, i.e., multibeam, covering the entire to-be-travelled area of the pulse at once, (3) multibeam with time-varying scanning angle [9] to cover the pulse only, (4) multibeam with digitally switching (avoiding translation of the individual beams) covering only the pulse. Pulse chasing with one single wide beam will significantly decrease the signal-to-noise ratio (SNR) [9] . For multibeam pulse chasing using a time-varying scanning angle, a target response will pass through multiple beams introducing unwanted fluctuations in target amplitude and phase. These unwanted effects are not present in case 2 and 4 and, therefore, in this paper, we will focus on multibeam with beam switching, i.e., operating mechanisms 2 and 4. We analyse the trade-off between the decreased number of beams of the switched multibeam strategy compared to covering the entire to-be-travelled area on the one hand and the accompanied additional hardware requirements of beam switching and time synchronization on the other hand.
Hence, in this paper, we analyse multibeam pulse chasing for cooperative, ground based bistatic radar using digital phased arrays. The contributions of this paper are:
• First 3 dimensional (3D) analysis for bistatic pulse chasing (to the authors knowledge). • Calculation of the number of simultaneous digital beams for the receiver and the associated beam switching rates. • Definition of the bistatic pulse repetition frequency (PRF). The paper is organized as follows. In Section II, the 3D geometry of the bistatic configuration is defined and analysed. Pulse chasing and the digital beam former are explained in Section III. In Section IV, we analyse these notions using a scenario based on an air traffic control radar in the bistatic configuration followed by the conclusions in Section V.
II. BISTATIC GEOMETRY
In this section, the 3D geometry of pulse chasing for ground based, bistatic radar is described. In Section II-A, the 3D coordinate system is introduced, followed by the bistatic range equation, in Section II-B. The bistatic blind range and the bistatic pulse repetition frequency are discussed in Section II-C and II-D, respectively. These definitions are used for the pulse chasing setting in Section III.
The following discussion is far from complete on all aspects of the geometry for bistatic radar. The interested reader is referred to, e.g., [1] [2] [3] [4] .
A. 3D Coordinate System
For the ground based radar, the north-east-down coordinate frame is applied. We assume that the earth is flat and we do not take any height differences into account, e.g., trees or hills. The transmitter and receiver beams are assumed narrow with a rectangular shape without side lobes. The origin frame is denoted as O and the transmitter and receiver frames are defined by the (x, y, z)-coordinates T x ∈ R 3 and R x ∈ R 3 , respectively. It is assumed that the transmitter T x and receiver R x frames are not rotated with respect to each other nor with respect to the origin O. For the sake of simplicity, we assume that the distance between the transmitter and the receiver is L ∈ R + 0 and the transmitter is located at T x = [−L/2 0 0] ⊤ and the receiver is located at
The radar beam position is given in a spherical coordinate system with an azimuth ϕ ∈ R, an elevation β ∈ R, and the distance of the travelled radar beam r ∈ R + 0 . The spherical coordinate system can be converted to the Cartesian coordinates in a north-east-down coordinate frame by the function P : Following, the location of a transmitted pulse as a function of time can be derived using the defined coordinate frames. For simplicity, the radar pulse is represented by a box (polyhedron) given by the 3dB beamwidth in azimuth BW T,a ∈ R + and elevation BW T,e ∈ R + . Assuming that the transmission of the pulse starts at t = 0 with pulse length τ p ∈ R + for the transmitted azimuth ϕ T and the transmitted elevation β T , the coordinates of the vertices of the pulse box in the origin frame
for the pulse trailing surface defined by vertices i = {1, . . . , 4} and the pulse leading surface defined by vertices j = {5, . . . , 8} with r pe = c(t − τ p − δt), r ps = c(t + δt), ϕ BW = 1 2 BW T,a + δψ a , β BW = 1 2 BW T,e + δψ e , g i = floor(i/2 − 1), and h i = floor((i + 1)/2) where δt ∈ R + 0 models potential timing inaccuracies, δψ a , δψ e ∈ R + 0 models (measurement) inaccuracies in the azimuth or elevation direction, respectively, and c is the speed of light in vacuum. In Section III, pulse chasing is discussed based on the transmitted pulse represented by the box (2).
B. Bistatic Range
The radar range equation is used to determine the largest volume that can be searched by a radar [3] . The bistatic range equation is equivalent to the monostatic counter part. However, in the bistatic case, the transmitter-to-target range R T ∈ R + and the receiver-to-target range R R ∈ R + are not equivalent, because the transmitter and receiver are not co-located. The signal-to-noise power ratio contours, based on the radar range equation, reads as [3] 
with bistatic radar constant k
where P T ∈ R + is the transmitter power, G T , G R ∈ R + are the transmit or the receive antenna power gain, λ ∈ R + is the wavelength, σ bi ∈ R + is the bistatic target radar cross section (RCS), F T , F R ∈ R + are the propagation factor for the transmitter-to-target path or for the target-to-receiver path, K is the Boltzmann's constant, T s ∈ R + is the receive system noise temperature, B n ∈ R + is the noise bandwidth of receiver after processing, and L T , L R > 1 are the transmit and receive system losses. Note that, similar to [3, 4, 7, 9] , we assume an invariant bistatic radar constant k in (3) by neglecting that: i) the propagation factors F T , F R are dependent on the distances R T and R R , ii) the transmit or receive antenna power gain G T , G R are dependent on the azimuth and elevation angle, iii) the post-processed bandwidth noise B n can be dependent on many time and spatial factors, and iv) the bistatic RCS σ bi can vary for different aspect angles of the target.
For a given bistatic radar constant k and a minimum SNR, the contour lines for the maximum bistatic range R bi = √ R T R R can be determined. The contours are one form of the ovals of Cassini [2] [3] [4] . The coordinates of the Cassini oval surface with focal points T x = [−L/2 0 0] ⊤ and R x = [L/2 0 0] ⊤ can be written as a function in the spherical
where
The function C(ϑ) reaches its maximum at ϑ = kπ with k ∈ Z and its minimum at ϑ = (k + 0.5)π with k ∈ Z [10] . In case that L > 2 √ R T R R , the Cassinian surface splits into two separate shapes, which is not in our area of interest. Note that the Cassinian surface (4) is symmetric over the x-axis. An example of the bistatic detection contour is given in Fig. 1 .
C. Bistatic Eclipsing
For pulsed radar in a bistatic configuration, eclipsing occurs when the direct signal from the transmitter to the receiver overlaps with the reflected signal from the target. Eclipsing exists if the target is within the following ellipse 1
In the analysis in Section IV, we assume that the bistatic radar configuration is blind for any target within the eclipsing range (5) . This implies that we do not take forward scattering into account. Bistatic eclipsing is displayed in Fig. 1 as the blank oval near the x-axis.
D. Bistatic PRF
Choosing the maximum pulse repetition frequency in the bistatic configuration is different than in the monostatic case where PRF mo ≤ c 2Rmax+cτp . Focusing on the unambiguous solution, the leading and trailing edge of the transmitted pulse from the transmitter-to-target-to-receiver will follow an elliptical shape leading:
trailing:
similar to the eclipsing range in Section II-C. To determine the maximum bistatic PRF bi , the leading wave of the next pulse should not reach the receiver before the trailing edge of the reflected signal of the previous pulse reaches the receiver, i.e.,
for
is the distance between the receiver and the maximum detection range in the positive x direction for k ∈ Z. In the appendix, it is shown that condition (7) is a necessary condition for the surface of the maximum bistatic range to be smaller than the bistatic surface of the trailing edge of the transmitted pulse ∀(ϑ, ̟) ∈ [0, 2π) × [0, 2π) in (4) .
Note that, due to the bistatic configuration, the PRF bi in (7) can be significantly higher than the monostatic PRF mo with R max = L + ∆R bi . As the transmitter and receiver are not co-located, the next pulse can already be transmitted before the reflection of the previous pulse enters the receiver, as (7) dictates. If the receiver and transmitter are co-located, then ∆R bi | L=0 = √ R T R R becomes the monostatic range and the monostatic PRF mo and bistatic PRF bi will coincide. An example of the leading ellipse (6a) and trailing ellipse (6b) for a given PRF bi are depicted in Fig. 1 . In this case, the upper bound PRF bi = 2.81kHz is almost doubled w.r.t. the upper bound PRF mo = 1.52kHz. Tx Rx
Monostatic detection Bistatic detection Bistatic eclipsing PRF range Fig. 1 : The monostatic detection range, bistatic detection range of (4), and bistatic PRF range of (6) for τ p = 10µs, R bi = 100km, L = √ 2 · 100km, and the PRF bi = 2.81kHz.
The PRF bi in (7) is significantly lower than the bistatic PRF reported in [2, Fig. 10 ]. In [2] , the high PRF is achieved by decreasing the unambiguous range to the (small) area of the intersection of the transmit beam and a single, stationary receiver beam. This corresponds to a tracking scenario where the position of the target is already known. Instead, we consider a surveillance scenario without ambiguities where the position of the target is unknown a priori. Furthermore, these high PRFs are only possible if the transmitter is isolated from the receiver.
III. PULSE CHASING
Pulse chasing by the receiver is discussed in this section. First, the required beam switching rate is analysed in Section III-A. In Section III-B, the pulse search area correction is explained followed by the calculation of the number of required receive beams in Section III-C.
A. Beam Switching Rate
The beam switching rate is determined in the azimuth plane of the receiver only. It can straightforwardly been shown that pulse chasing in the azimuth plane leads to the highest beam switching rate [8] . The beam switching rate in the azimuth plane (2D) is [8, Eq. (8)]:
whereḂ R is the number of beams to be switched in units of beams per microsecond, BW R,a ∈ R + is the 3dB receiver beamwidth in azimuth, and R ′ T , L ′ are in kilometres. The beam switching for the air traffic control radar depicted in Fig. 1 is given in Fig. 2 . The figure shows that high switching rates are only seen when the transmit beam passes near the receiver.
B. Pulse Search Area Correction
The vertices S i of the box representing the transmitted pulse in (2) are relocated in case that the pulse is partially located inside the eclipsing range (5) to exclude these areas from the calculation of the number of required receiver beams. The centre of the pulse is found at C = P(c(t + δt/2), ϕ T , β T ) and it should always be outside of the eclipsing range and inside the detection range. Hence, at most four vertices can be inside the eclipsing range. The vertices are translated as follows:
1 vertex: the vertex is translated along the diagonal on the top or bottom plane, i.e., (x, y)-plane ( Fig. 3a ). 2 vertices: detect the line segment that is connecting the two vertices. The two vertices are translated diagonal on the plane that is perpendicular to the line segment (Fig. 3b ). 3 vertices: detect the vertex that has two connected vertices that are inside the eclipsing range (magenta dot in Fig. 3c ). The direction of translation is from this vertex to the connected vertex outside the eclipsing range. 4 vertices: detect the plane that is spanned by the 4 vertices.
The direction of translation of the four vertices is such to compress the box (Fig. 3d) .
The new location of the vertices will become the intersection point between the line of translation and the eclipsing ellipsoid (5) .
Pulse box Grid points Active grid points Fig. 4 : Example of the gridding for the receiver multibeam former.
C. Number of receive beams
In this section, the methodology to compute the required number of digital receiver beams using a geometric interpretation is described based on the location of the pulse box discussed in Sections II-A and III-B. To determine the number of digital simultaneous beams at the receiver, the location of each vertex coordinate S i for i = {1, . . . , 8} is translated into the (u, v, w)-space of the receiver array. The phased array is aligned in (y, z)-plane of the receiver. A Cartesian coordinate P ∈ R 3 in the receiver body frame corresponds to the following (u, v, w)-coordinate
where the same Cartesian coordinate in the origin is P O = P +R x . By applying the (u, v, w)-space, beam broadening for larger aspect angles is automatically included. To obtain the active receiver beams, the (u, v)-space is uniformly gridded with u grid space sin(BW R,a ) and v grid space sin(BW R,e ) where BW R,a , BW R,e ∈ R + are the 3dB receiver beamwidths in azimuth and elevation. The grid is started from the minimum in the (u, v) coordinates of the vertices. Then, a grid point is called active if the transmitted beam lies, at least partially, in the rectangle that the point creates with its neighbouring grid points, see Fig. 4 . The number of beams (rectangles) can straightforwardly be found from the active grid points.
IV. PULSE CHASING FOR A BISTATIC AIR TRAFFIC CONTROL RADAR
In this section, we evaluate the required number of digital beams and the bistatic PRF using a factious bistatic air traffic control radar to detect commercial aircrafts. The simulation setting is described in Section IV-A. In Section IV-B, the simulation results will be discussed.
A. Simulation Setting
Our air traffic control radar has a bistatic detection range of R bi = 100km. To maximize the detection range with respect to the transmitter position, the distance between the transmitter and receiver is chosen L = √ 51.76km. At this distance, the Cassini oval transitions from a convex shape to a peanut-shape [10] . Note that, the receiver is located at a transmitter azimuth of φ T = 0 • and transmitter elevation of β T = 0 • . In the sequel, the pulse length is τ p = 10µs, the 3dB beamwidth in azimuth and elevation for both the transmitter and receiver is BW T,a = BW R,a = BW T,e = BW R,e = 2 • , the angle inaccuracy in azimuth and elevation is δψ a = δψ e = 1 • , and the timing inaccuracy is 0.5µs.
The search space will be gridded (gridding is discussed next). The centre of the pulse C is placed at each grid point. If C is within the eclipsing range, within monostatic range of the transmitter, or outside the bistatic detection range then these grid points will be excluded. In addition, if the transmitted pulse is (partially) above a certain elevation of the receiver, e.g., 70 • , then these points will be excluded (to mimic a real-world phased array). In case that the pulse is partially in front of the array and partially in the back of the array, the phased array is turned 90 • around the z-axis. Hence, the receiver consist out of four phased array panels. Three bistatic scenarios of operation are considered: Case 1 Pulse chasing in the full search space; Case 2 Pulse chasing at the maximum detection range; and Case 3 Bistatic tracking. In case 1, pulse chasing of the full pulse throughout the complete detection volume is obtained. In case 2, the pulse is captured on the maximum detection range only (Cassini oval (4)) representing a surveillance scenario. For case 3, the size of the box with vertices S i in (2) is shrunken to 0.4km × 0.4km × 0.4km.
Consider an incoming air plane (e.g., Fig. 1 at (150, 10) km with velocity (−800, 0)km/h), a more realistic scenario is when the radar detects the plane around the maximum detection range and initializes a target track, i.e., combining the latter two scenarios of operation to decrease the number of simultaneous beams.
For the first case, the transmitted pulse is "chased" through the full detection volume. The transmitter azimuth φ T and transmitter elevation β T are uniformly gridded between [−π, π] with 200 points and [0, 0.5π] with 50 points, respectively. In addition, time t is gridded [0, (L + ∆R bi )/c] with grid size of 0.5µs. For each (φ T , β T ) pair, the number of receiver beams is computed for all time-steps and the maximum number of receiver beams over all time-steps is stored.
For the second case, the spherical coordinates of the Cassini surface in (4) are uniformly gridded on the domain (ϑ, ̟) ∈ [0, π]× [0, π] with 200 points each. The centre of the transmitter pulse C is placed at the grid point. Thereafter, the associated transmitter azimuth ϕ T , transmitter elevation β T , and time instance t can be computed and, hence, the location of the pulse vertices S j are known. For each of these spherical coordinates, the number of receiver beams is stored.
In the third case, the gridding is equivalent to the first case. However, the vertices S i of the polygon in (2) are placed such that it defines a cube with size 0.4km × 0.4km × 0.4km and centre C is at the grid point (φ T , β T , t). Fig. 5 shows the maximum number of receiver beams for all elevations of the transmitter at a given azimuth direction for pulse chasing (PC) for case 1. The figure includes a case without pulse chasing (wPC), where the receiver covers the full trajectory of the pulse for a given azimuth-elevation pair, and a case where the bistatic eclipsing range (II-D) is increased to L+10km (instead of L+3.00km). The figure indicates that following the pulse with the receiver when it travels outward from the transmitter can significantly decreases the number of receiver beams. The reduction in beams is especially evident when the transmitter azimuth is |ϕ T | > 20 • . In the domain |ϕ T | ≤ 20 • , the number of receiver beams rapidly increases when |ϕ T | decreases. In this region, the transmitted pulse has significantly widened as it travelled along the major axis of the eclipsing range and it passes the receiver at a very close distance. Similar results are observed by [8, Sec. 3] in 2D. Hence, in the case where the bistatic eclipsing range (5) is increased to L + 10km a decrease in the maximum number of beams is noticed, i.e., from 1600 to 1444. In this case, the detection of the pulse is only allowed at a further distance from the receiver, i.e., the receiver beam has significantly widened.
B. Simulation Results
For the second case, Fig. 6 shows the maximum number of receiver beams for the detection at the maximum bistatic detection range of the radar. In this case, the maximum number of receiver beams is 64, significantly smaller than the first case.
For the third case, Fig. 7 shows the maximum number of receiver beams to cover a box of 0.4km × 0.4km × 0.4km within the bistatic detection range of the radar. In this case, the maximum number of receiver beams is 20, again significantly smaller than in the first case. This maximum is obtained in case the box is close to the receiver.
For an adaptive detection paradigm, i.e., combining case 2 and 3, the maximum number of simultaneous receiver beams is 64, which seems feasible solely from the maximum number of receiver beams and ignoring other hardware and software limitations.
V. CONCLUSION
In this paper, we have analysed pulse chasing by the receiver in a three dimensional domain considering range, azimuth, and elevation. Namely, a simulation setting is presented to obtain the maximum number of simultaneous receiver beams and the beam switching rate of the digital multidimensional beam formers for various scenarios. In addition, we derive the PRF for the bistatic configuration and it is shown that the bistatic PRF can be increased compared to its monostatic counterpart. Therefore, the unambiguous velocity can be increased without compromising the detection range. The defined notions are applied to analyse an air traffic control radar example. It is shown that an adaptive paradigm can lead to a comprehensible number of simultaneous receiver beams for the bistatic pulse chasing setting.
The Fig. 7 : The maximum number of receiver beams for a given azimuth direction of the transmitter to cover a cube with an edge size of 0.4km. The maximum number of beams is 20.
effects into the analysis will be subject for future research as well as experimental verification of the presented analysis.
APPENDIX
In this appendix, we prove that the surface of the maximum bistatic range will be smaller than the bistatic surface of the trailing edge of the transmitted pulse. More specific, the Cassinian surface (4) should be within the trailing ellipse (6b) for a PRF satisfying (7) and a maximum distance between the transmitter and receiver of L < 2 √ R T R R . To prove this, it is sufficient to show that the minimum of the radial coordinate of the Cassinian surface (4) should be smaller than the semiminor axis of the ellipse (6b), i.e., L 2 C ((k + 0.5)π)− L 2
for k ∈ Z. With simple mathematical manipulations, Eq. (10) simplifies to
It can be straightforwardly seen that the denominator of (7) is always bigger than (11), implying that the PRF upper bound of (7) is always smaller than the upper bound of (11). Hence, obeying (7) will automatically satisfy (11) and the maximum bistatic range will be smaller than the bistatic surface of the trailing edge of the transmitted pulse (6b).
